[bookmark: page1]ConditionalCHAPTERprobability4








smokSuppose. thereWhatareis the2004probability.1men,.Deofnition,whichth 100Bayes'personaresmokers,Rulechosenandatandexamples100women,willbe of smoke?which20 Thare











isWhatswersmokeris120given=300.thatNow,theletpersonusask,is whatwomen?Oneistheprobabilitythatwouldexpectrandompersontheanswerchosentobeatrandom
[image: ]







numbernumberofwmenofwomensmokers=300
whichsmokerWiththisdividedtheinmind,wgivesamebytheastheprobabilityprobabilityhefolowingthatthatdeperson=anitionpersonchosen.chosenatrandomatrandomis=300womaniswoman;. and a
[image: ]









ExampleIfP(F) > 0, we denethe probabilityj ofE givenP(E\FFas)
Note	P(E  F) :=	P(F)  :

SoluionP( : there\4.F1). =areSupposeP(EvejwaysF)youP(Fthisroll).cantwohappendice.What is the probability the sum is 8?
abilityis	f(2; 6); (3; 5); (4; 4); (5; 3); (6; 2)g, so the prob-
that the 5rst=36de. Lshowthatuscall3? thisLet evetA. What is the probablity that the sum is 8given is theprobability the rst dieB beshowstheevent3andthat thesumrstisdi8,e showsor a 3. ThenP(A \ B)
1=36.P(B) = 1=6, so
j	1=36
ExampleWhatP(ABis)the=4.1pro2.=6bability=Suppose1=6.that boxsecondhas marble3redmarblesis41redgiventhatand2blacktheonesrst. oneWe iselctred? 2 marbles.
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Solutionisred.: LetA be the event the second marble is red, andB the event that the rst one that we Pchose(B)=2 3red=5, outwhileof P3and0(A\B )blackistheoutprbabilitybothof2.Then are red, or is the probbility
P(A \ B) =  32   20 = 52 ,and so
j	3=10
ExampletheSlutionP(AprobabilB):=Le4.3.ityt3=5 that=A1=familythe2.otherhaschild2childrenisalsoa.Givenboy? that one of the children is a boy, what is







boys. The possibilitiesBbethe areevent that one child is a boy, andA the event that both children are and bb; bg; gb; gg, each wth probability1=4.P(A \ B) = P(bb) = 1=4 ExamplepopulationareSolutionHIVP(B:)positive?Let=4is.P4HIV.(bb;Supposebg;positivegb)=the.3Ifsomeone=4test.SofortheHIVanswertestsis99%positisa13ivcc==44e,urate=what1=3in. isboththe diectionsprobabilitytheyand0.3%actuallyofthe






tests positive.D is the event that a person is HIV positive, andT is the event that the person


	chanc1000tAshortthepeoplasonreasonthatsomeonercentage.Onwhy(Daverage,thisofThas)peo=su3HIVplerprisingP(ofDwiththemgiven\TresutHIV)will=that.beholdsAthelittleHIVpersis(0longerthatsitive:99)(0teststhe:003)answerisanderrorpositive10inwilltotheissupposethattestapproximatelytest23%positiveis:much.wegreaterSohaveth

	P
	j
	P(T)
	(0:99)(0:003) + (0:01)(0:997)



The r that it is not exactly	3=10.

willSuppotes negativeyouknow. 0:3 is that there issomechance someone who is positive

P(E j F ) and you want to ndP(F j E). Recall that
and so	P(E \ F ) = P(E j F )P(F );
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P (F j E) = P (F \ E) = P(E j F )P(F )
ExampleofhaveSolutionthefamiliescat:Let.4What.5.thatSupposeishavetheprobability36%dogalsohaveoffamiliesowntheyPalso(catE)own.aAdog,familydog?30%Pischosen(Eof)familiesatrandomown cat,andfoundand22%to










given D be the families that own a dog, andC the families that own a cat. We are

P(D) = 0:36; P(C) = 0:30; P(C j D) = 0:22 We want to knowP(D j C). We know
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P(D j C) = P(D \ C)=P(C). To nd the numerator, weuseP(D \ C) = P(C j D)P(D) = SolutionreceivedofExample(0:the22)(0men::Let36)an4receivedA,what.=6.0:0792Supposeanis.SotheA.P30%Theclassprobability(DjofC)thewomen=is0this60%:792personwomen=0in:3a=isclass.0Given:264women?recived=that26:4%aan.personA chosenthetestatandrandom25%







the evntof beingAbeathemanevent.Weofaredecgivnitionengan A,W be the event of being a woman, andM
andwe want	P(A j W ) = 0:30; P(A j M) = 0:25; P(W ) = 0:60
P(W j A). From the
	As in the previous example,
	P
	(W
	j
	A) =
	P(W \ A)
	:

	
	
	
	
	
	P(A)
	

	
	
	
	
	
	
	
	

	Tond
	P(W \ A) = P(A j W )P(W ) = (0:30)(0:60) = 0:18:



P(A), we write
ince the class is 40% men, P(A) = P(W \ A) + P(M \ A):
	So
	P(M \ A) = P(A j M)P(M) = (0:25)(0:40) = 0:10:

	Finally,
	P(A) = P(W \ A) + P(M \ A) = 0:18 + 0:10 = 0:28:

	If
	P
	(W
	j
	A) =
	P(W \ A)
	=
	0:18
	:

	
	
	
	
	
	P(A)
	
	
	

	
	
	
	
	
	
	0:28



Proof(E).>We0, thenusethePde(FnitionjE)=of conditionaljP(E probabilityjF)P(Fj)discussedandthec: fact that
[image: ]





P(E  F)P(F) + P(E  F )P(F )





inThismorewillgenerbecledalityP.(theThenE)law=P ((ofEtotal\F probability)[(E\F cand))=willP(Ebe\ F ) + P(E again\Fc)in: Proposition 4.4





	P
	(F
	j
	E) =
	P(E \ F)
	=
	P(E j F )P(F )
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	P(E \ F ) + P(E \ F c)

	
	
	
	
	P(E)
	

	
	
	
	=
	P(E j F )P(F )
	:

	
	
	
	
	P(E j F )P(F ) + P(E j F c)P(F c)
	

	
	
	
	
	
	



[bookmark: page4]44HereofBayes'the60scalledisanotherrule.Let'sThisexampleMaiskenownrelatedDeal4sthe..toCONDITIONALconditionalMontyHallprobaPROBABILITYblemility,afteralthoughthe hostoftheTVthisisnotanexampleshowin Example 4.7. There are three dors,o behind one a nice car, behind each of the other tworemainingotherdoors,goatdooreatingwhich.Shouldashowsbaleyoufstrawbaledoit?ofstraw.Yuchoose.Hegivesadooryouthe.Th opportunityMontyHallof opensswitchiongtoof S : Let's suppose choosedoor1, sincehe same alysis applies whichver do

MontywinningStrategy1/3switthecarlution..cchoseYouThusarMontytoHallisb.2.doorwitisStrategyHallshowsouhindto3,chgetoshwsdoandooneor.lose2oneyou2and.Let'ssayisHe.ofonetoThewillthewinstickwithofsame.othershowThiscarotherargumtyoudoors,happeisbehinddoors,n1but.3,withappliesWithsaythatdoorsinceprobabilitydoorprobabilitydoesn't1,ifhewhichhe2doesn't.Therechangeowsyoudorhappens1wantwill=3yourbetwithosamegivewprobabilitychosegoat,3probabilityprobability.Supposethesoyouthcaorf.









	problem.loseifandthedollarstregy4th.8catindependetlyar(comesGambler'sruin.isbehindSuppose2ruinedisupmuchindooryou.actuaIfsupeoritstart3.comes)riSo.alwithyouSup.sciencepwin$oseheads,50.withfrequentlyyouWhat'syouprobabilityplaywinthetheisaprobabilitygambler'sgamedollar,2/3andbyandruintossing.loseyouTheif.itwithwillcomesafairgettouprgumentcointails,$200re-

	youpeatedlyExampleA1/3aplies
	
	
	
	
	
	
	
	
	
	1=3
	
	

	without rst gtting
	
	(rnning out of money)?
	
	
	
	

	Solution: it is easier to solve
	slightly
	
	problem. The game can be described as having

	Forprobablity
	amount ind
	
	seethatP (N j
	
	dollars.
	n dollars, so there isdollarsunique

	determcourse,inefortheanyvaluesnite ofN
	
	
	) = 0 andP (N j N) = 1.Theproblemis to

	eitherwithprobabilityanygoesgivenbroke1=number2oforwinningincreasesofdollas,1dollarhisandholdandldings,hardertendsprobabilitytotoplay1the=2 ofgamelosingrepeatedly1dollar.untilAplayertheplayerbegins

	yu(n)strt:=Pwith(200 j
	),whichistheprobabilityonthecoyou gtthethatweo200 currentlyholdrstgeting ruinedif

	
	
	
	
	
	
	
	N
	
	
	
	
	

	
	
	
	current
	ofhowwetheacquiredconditionaltheprobabilityofreaching
	N
	dollars

	beforegoingbrokeis ofpendent
	
	
	
	
	
	
	
	

	ndollars,bothat thewithmoment,probabilitythnext
	
	nd willleave
	player
	eithern + 1 orn   1

	weightedaverageoftheprobabilities1=2.Thusofthecurrentinandplayer'sprobabilitytwopossibleofwinningnextisstatessame.Soaswe

	P
	(N j
	) ofwerachingN
	winning
	
	
	
	
	.Of

	WeareconsideringthissettingP(Nj for)forn betweeand0 andN.
	
	
	

	
	
	
	
	
	N = 200,
	
	wewuldlikewithoutndP (200 j 50).Denote

	
	n dollars.Wesaw that y(0) = 0
	(200) = 1. Supposettheplayer has
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	subtracting y(n
	
	+ y(n  1)
	
	
	from each side, we have
	

	
	
	
	)
	
	
	
	
	

	that
	
	
	
	
	y(n) onthereforedjacent intervals are costant (remember

	Anothery(200)way= to1, sewhatwehave ythe() = n=200 and
	
	
	
	
	
	
	y(50) = 1=4.
	

	Multiplyingby2,and
	
	
	
	function
	y(n) istousethetelescoping sumasfollows
	

	
	
	
	
	y( ) =
	21 y(
	+1)+
	
	21 y(
	1):
	

	Thissaysthatslopesofthegraphy(+of1)
	
	y(
	) = y(n)
	y(n
	1):
	

	that
	di erences
	
	
	
	
	
	
	y (0) = 0
	(1) wecanusethefact

	andx mustbeanintegr).Inotherwords,
	
	graphofy( ) mustbealine.Sincey(0) = 0

	Whatis
	formulaz for() btheprobability
	
	situation,
	
	

	
	
	youevergetto. $To200ifndyou startwithn dollars.

	(4.1.1)
	y (n) = y (
	)
	(0) = (y (n)
	
	y (
	
	
	
	1)) + ::: + (y (1)  y (0))
	

	sincetheall these=n (y (1)
	y (0))arethe= same,y(1): and
	
	
	
	
	
	
	

	Examplefarinydebt(200)4..=9Let.1,Supposesoy(1)=we1=are200in,andthetherforesame
	y (
	) =butn=you arendallowed(50)=to1go=4.arbitrarily

	
	determine
	
	
	
	
	
	
	
	ditions
	

	
	
	
	2
	
	
	
	
	2
	
	

	
	0,isnottrue.
	Following Equation4.1.1withz (0) 6= 0 weseethat
	

	Solution:Justasabove,z(wen)?seethat
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	z satisestherecursiveequation
	

	toWhatdebt,wetheneedconditionto
	
	
	
	
	1
	
	
	
	
	1
	
	z(
	1).:Nowthatthegamblercango

	
	
	hatifnowwez( start)are=boundarycowithz(+1)+
	
	
	
	
	

	getting $200is
	
	
	
	
	
	
	
	0 wenever getto $200,hat is, probability of

	
	a := z (1)
	
	z (0) and b := z (0) weseethatasafunctionofn wehave
	

	
	z (n)
	
	z (0) = (z (n)
	z (n
	
	1)) + ::: + (z (1)  z (0))
	

	therefore
	= n (z (1)
	z (0)) ;
	
	
	
	
	
	
	
	
	
	
	
	

	0 6 z (n) 6 1.Thisandispossible only ifa = 0,thatis,
	
	

	If we denote
	
	
	
	z ( ) =
	
	(z (1)
	z (0)) + z (0) :
	

	We would like to nd
	
	
	
	
	z (n) = an + b:
	
	

	have
	
	a
	
	
	now. Recall that this function is probability, so for any
	n we

	so
	
	
	
	
	
	
	z (1) = z (0) ;
	
	


for any	z (n) = z (0)
n. We know thatz (200) = 1, therefore
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Inotherallowedtowords,gointonedebt)iscertain. to getz (ton)$=2001 foreventuallyn: (provided, of course, that one is
[bookmark: page7]4.2.1.Examples, 4basic4..2.FURTHERFurthproperties,EXAMPLESexamplesmultiplicationANDandAPPLICATIONSapplicationsrule,law of total probability47. Example4.10.Landon is80% surehe forgot histextbookeithr the Union or in

SolutiontheGivenMonteithprobability:.CallingHeLandonisthat40%alreadyitsureisatthethatwenttheUnion?tobookisMonteithat theanduion,noticedandhis40%textbooksurethatisnotit isthere,inMonteithwhatis.



U = textbook is at the Union, andU = textbook is in Monteith
	U   M  and henceU \ Mc = U. Thus,
	
	
	
	
	
	
	
	
	
	
	
	

	Example 4.11.Sarah(UMhandsc)=B
	Pob(Udraw\Mc)
	=
	
	P(U)
	
	
	=
	4=10
	
	=
	2
	:

	
	
	
	1  P(M)
	
	
	
	
	
	

	
	P
	j
	
	P(M )
	
	6=10
	3

	SlutionthatSarah:Lethas exactly two
	ces, what is the13 cardsprobabilityeachfromthat aBobstndardhasexactlydeckonef52ace?.Given

	A = Sarah
	two aces, and letB = Bob hasexactlyone e. In order to

	computehaveany Pof(B52j Apossible),weneed to calculate.OfthesePhands,(A)and
	4P(A48\ Bwill). Onhavetheexactlyonehnd,Sarahtwoacessocouldthat

	13
	
	
	
	
	
	
	
	2
	11
	
	
	
	
	
	
	


4	48
(diOntheernt)otheris hand, the numbr of waysP(Ain) =which2 Sarah11: can pick a hand and Bb anther
52

13

is 5213    3913 . Thethe number of ways inwhichA andB can simultaneously occur
42	4811	21	3712	and hence

4	48	2	37
Applying the denition of conditionalP(A\B )probability=211 we 1nally12 get:

5213	3913


	
	
	
	
	4
	
	48
	
	2
	
	37
	
	
	52
	
	39
	
	
	37
	
	

	
	
	P(A  B)
	2
	
	11
	1
	12
	
	
	13
	
	13
	2
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	12
	
	

	followingExamplewifemakesresults4.more12less(B. thanA)total=$
	25Kof 500\husbandmarried=makescouples21236less arethanpolled$25Khusbandabouttheir=
	makessalaries19854morewiththanthe $25K

	P
	j
	
	P(A)
	
	
	
	4
	
	48
	
	
	52
	
	
	
	
	
	39
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	.
	
	
	
	
	
	13
	
	
	

	
	
	
	
	
	
	
	
	
	11
	.
	13
	
	
	
	
	
	
	
	
	



(a)FindSolutionthe: probability that[image: ][image: ]husband earns less than $25K.










©Copyright 2017P(husbandPhanuelMariano,makes Patricia<$25K)Alonso=212Ruiz,+ Copyrigh36=248t2020= Masha0:496:Gordina

500	500	500

[bookmark: page8]48(b)FindSolutionasthatthemuch:probbilityaswell. that 4. wifeCONDITIONALearnsmorePROBABILITYthan$25K, given that the husband earns










(c)FindPSoluless(wifetionhanthemakes:probability$25K>.$25Kthatjhusbandwife earnsmakesmore>$25K)than $=25K,(198given54+=54)500that=500the= 252hus54band=0:214makes









FromLetthe deP(wifenitionmakesofconditional>$25K jprobabilityhusbandmakeswecan<deduceso$25K)=me24836=useful=500500 =relations0:145:.
[image: ]






	Proof(i(.EWej Falready)=1 sawP((i)EjwhichF). ishaverewriting.Thenofthe denition of conditional probability

	P(  j E) =
	P(E)
	
	
	
	
	
	(ii):
	
	
	
	
	
	
	
	
	E
	
	
	
	
	
	
	
	
	
	

	E; F
	2 F beeventswithP E ; P(F ) > 0
	
	
	
	
	
	
	
	
	
	
	
	

	(iii)
	(E \ F ) = P(E)P F j E),
	
	F
	c
	)
	
	(F
	c
	),
	
	
	
	
	
	
	
	
	
	
	

	
	P(
	c
	P
	j
	P
	
	
	P
	j
	
	
	
	P
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	that=PhanEtheinwantstheprobabilityprevioustotakeofequationeitherscoringandBiologyanAsincein BiologyP(EjorEisc) =Chemistry0,weobtaincourse(iii).. His

	Finadviser estimates4.13.F
	

	Examplesets
	P(E\F ) .Letusprove
	
	
	wecanwrite
	
	ascoursetheunionof the pairwise disjoint

	\ F andE \ F c.Using( ) we
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	5 ,while the probability

	of scoring an A in Chemistryis
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	1
	. If
	
	
	
	
	decides randomly, byacoin toss, which course

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	takesChemistry,andBbytheeventthatPhan takesBiology,andbyC theeventthatPhan

	
	
	
	
	
	P(E) = P
	(E\F)+P(E\F )
	
	
	
	
	
	
	
	

	lly,writing
	
	
	
	= P (E j F )
	
	
	(F ) + P (E j F ) P (F c) :

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	4
	
	

	totake,Solution what:denoteishisbyprobability of7 scoring
	
	
	
	A in Chemistry?
	
	
	
	
	

	
	
	
	
	
	A = the eventhat thescore is an A. Then, sinceP(B) = P(C) =
	1
	

	we have
	
	
	
	
	
	2
	

	
	
	
	
	
	P (A \ C) = P (C) P (A j C) =
	1
	1
	1
	
	
	

	The identity
	
	
	
	
	
	
	
	
	=
	
	
	:
	
	

	
	
	
	
	
	2
	
	7
	
	
	14
	
	
	



number of eventsP(E in\ Fwhat)= isP(sometimesE)P(FjEcalled)fromthePropositionmultiplication4.2(i)rulecan. be generalized to any
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	4.2. FURTHER EXAMPLES AND APPLICATIONS
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	1;E2;:::;E
	2 F be events.Then
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Examplereturedto theurn14
	alongwithan5 additionalblueballsballsandof8 theredsameballs.colorEach.Supposeballthatthatisselectedis

	
	P(E \E2
	\ ::: \ En)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	4=..P(E1An)P (urnE2j hasE1) P (E3 j E1 \ E2)   P (En j E1 \
	
	2 \   \ En
	1) :
	
	
	
	
	

	draw(a)WhatSolutionninthis:thewayInprobability.hiscase,wethatcanthedethreenethesequenceareblue?of events
	
	
	
	
	
	
	
	
	
	3 balls are

	Solution:denotingbyR =
	
	
	1 ballisblue?th ball drawn is red, we have
	
	
	
	
	

	theeventtha
	theth balldrawn is blue.Applying the multiplicationB1;B2;Brule3;:::,yieldswhereBi is

	
	
	
	
	
	
	
	the even that generalizedthe
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	S intoLetseveralpairwisedisjointPropositionse
	F1; : : : ; Fn
	(insteadofsimplyF andF c).
	
	
	
	
	
	
	

	(b)WhatistheP(Bprobability1\B2\B3that)= only(B1)P(B2 j B1)P(B3 j B1 \ B2) =
	5
	6
	7
	
	:
	
	
	
	
	
	

	
	13 14 15
	
	
	
	
	
	
	

	Also(onlytheidentity1blueball(ii))in=  (B
	1
	\
	R
	2 \
	R4.2can)+
	(Re
	\
	B
	2 \
	R
	) +by(RartitioningRB)the=3sample58 space9:

	P
	
	
	
	
	
	
	
	3
	P
	1
	
	
	
	3
	
	P
	1
	\ 2
	\
	3
	
	
	
	13
	
	14
	
	15

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ][image: ]

Then,F1forany;:::;FneventS be mutually exclusivefollowingandexhaustive events, i.e.S = Sni=1 Fi.
E 2 F it holds that
n
X
treatedExample4ornon4.2-.accident2inthiss.Genralized.15.epronectionAn..insuranTheirBayes'currentPcompanyrule(E)=.riskThe=1classimodelP(EesworksjFinsured)examplePwith(F)policyholders:thedescribesfollowingtheintoprobabilitiestypeaccidentofproblemsprone.












Theprobabilitythat nonacaccident-proneproneinsuredinsuredhashasanaccidnaccidentwithinwithinayearyearis 0is:4

If 0:2. (bSuppoa)30%whatprobabilityoftheisthenowpulationthatprobbilityhethepolicyhorisshethatisaccidentprone?picyopronelderholder,hashadwillaccidnthaveanwithinaccidentonewithinyear. a Whatyear? is the

[bookmark: page10]Solution50:
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(a) denote byA1 = the event thata policyholderwill have an accidnt within a year, and
	tion 4.2(ii) Awe=have
	Pthat1
	
	a
	
	isaccident prone.
	
	Applying Poposi-

	(b)UseBayes'Propositionformulatosee
	
	j
	Proposition
	j Ac) (1  P (A))
	
	
	
	

	P
	(A1) = P(A1
	
	A)  (A) + P(A1
	
	
	
	
	

	
	
	= 0:4  0:3 + 0:2(1  0:3) = 0:26
	
	
	
	
	
	

	UsingLetappearedthe inlaw of total(A
	Aprobability)4.=1.P(A from\A1 )
	=
	P (A) P (4.4A1
	onejA)
	can=
	0general:30:4
	ize=
	Ba6
	:yes' rule, which

	j
	
	1
	(A )
	
	
	
	0:26
	0:26
	
	14
	

	Suppose
	
	
	
	
	machines
	
	
	
	
	
	
	iSung

	Then,F1forany;:::;Fnevent
	be mutually exclusive and exhaustive events, i.e.S =
	in=1 Fi.

	
	
	E   S and anyj = 1; : : : ; n it holds that
	
	
	
	

	
	
	
	(F  E)=
	
	P (E j Fj) P (Fj)
	
	
	
	
	

	Example4TheMachinesOutfactory'srecordofthe.I,16totalII.andproduction,showsIIIproduce,thatPfactorymachinesjrespectively,jhasI,PII,n=1and2%,P(EI,III1%,jII,Fproduce,iand)andP(F3%defectiveIIIi)thatrespectively,produceiSungs.
	phones.


[image: ]
35%,25% and

An(a)What40%iSungSolutionallisisselectediSung:probabiliyBythe.atlawrandomthatoftotalthefromiSungprobability,theselectedfactory. is defective?






	P(D)
	=  P (I) P (D j I) + P (II) P (D j II) + P (III) P (D j III)

	(b)GivducSolutionedbythat:Applyingmachinethe=iSungIII?0Bayes':35isdefective,0:02rule,+0:25what0:01is+the0:4condition0:03=
	al10215;probability000:
	that it was pro-

	Exampleorshe/he will4.17randomly.In(IIImultipleguessD)=it
	choice.P(IfIIIeach)test,P(questionDajstudentIII)has=e
	ither0:4 knows0:03
	=the120an
	swer:
	to a question

	P
	j
	P(D)
	215=10; 000
	215
	
	






m possibleanswers and the student
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Solknowsctallystudenttionthe:knowsanswersdenotethebytoanswerquestiontoa question,withprobabilitygiventhatp, whathe/sheisanswerstheprobabilitycorrectly?that the student


a  correctlyKthe .eventApplyingthat Bayes'studentknowsrulewehavethe , and byC the event that


	P
	(K
	j
	C) =
	P (C j K) P (K)
	=
	
	1  p

	
	
	
	
	
	
	
	

	
	
	
	
	P (C j K) P (K) + P (C j Kc) P (Kc)
	
	
	p +
	1
	

	
	
	
	
	
	1
	
	
	(1  p)

	
	
	
	
	
	
	
	m
	







	=
	mp
	:

	
	
	

	
	1 + (m  1)p
	



	[bookmark: page12]52
	4. CONDITIONALPROBABILITY

	
	4.3. Exercises


Exercise 4.1.Two dice are rolled. Considerthe eventsA = fsum f two dice equals 3g, Ba)= fsum of two dice equals 7g, andC = fatleast one of the dice shows a 1g.
(bWhatisP (A j C)?
(cAre P (B j C)?
	thatExercisethesumA4and.2is. atCSupposeindepndent?leastyourollWhattwo standard,aboutB andfair, C6?-sided dice. What is the probability

	
	
	
	
	udentsGivenatleast1the?redthatwillproonebll,abatheballabilitygreenball?atandwithdrawnrandomthatsecondhasyouexposedbeenfromthewillboxwithdrawn,getcontainstothechosenu2.

	IfwhatboxgrenExerciseyou.Boboxesand3arethe4exposed)4..probabilityred43..ballsSupposeareAandbox.equallyFirstthatdidcontains9thatgivennotliklythboxis60%egetathat1rsttoofgreenchosenbeboxyouUConnuchosenshot,roledwasbllndchos.andthenafterwards 6
	
	
	

	(after being
	is80%. Ifyou did get a u shot, then
	probability that you will get

	the u (fter being expose) is only15%.
	got a u shot will get the u?
	

	(ba)Whatistheprobabilitythat
	personwhodidot get a u shot willget the u?
	

	women are color blind. The population
	of theUnited States is 51% female. What is the

	Exercise 4.5.
	Color
	is sex-linkd condition,
	and
	of
	enand 0.25% of

	probabilitythat a color-blindnessAmerican is a man?
	
	
	m factory X wok

	Exercise 4.6.
	Two factories supply light bulbs to the market. Bulbs
	

	for over 5000 hours in 99% of cses, whereas bulbs from factory Y workfror over 5000 hours

	in 95% ofcases. It isknown
	factory X supplies 60% of thetotal bulbs available in the

	marketWhat.
	is the probaility that a purchased bulb will work for longer than 5000 hours?
	it

	(b
	
	alight bulb
	for more than 5000 hous, what is the probability
	

	(ca)GivenprobabilitywassuppliedbythatthatlightitfactorywasbulbsuppliedworksY?doesbyfactorynotwork formore than
	5000
	hours, what thatishe



ExerciseBmachineoftheboltprobabilityandisouputCchosen.COf4thatfor.7the.frommachineattherestitArandomtotalcamefactry.ouput,fromItfromproductionisAMachineknownisthemachinedefective,4%productionlinefrompreviouslineAismanufacturingresponsiblefrommachneBandX?andexpencefoundforbolts25%,towithbedefectiveusingmachine2%thefromthreemachinesB.machines,forWh35%ineatthatistheCand.5%A,A










A?

[bookmark: page13]Exercisestudidprchquestionnotbabilityicesenoughem4.that8equally.soAthethatmultipleplausibleudenttheprobabilitychoicewill.Iftheyknowbeexmabletoelimiateone4they.3.choiceshasEXERCISESwillthea4choiceskowthenswerfortheyteacheransweroceiquestionllgettois0athe.question25,.questioncorrectTheotherwisestudent0.5,theallhas534. Ifmeasureh whatcorrectlyhavethestudentgesswhatfromisknows,andthetheprobability3or4nothowpresencethatwell.thyAtheyactuallycan guessknowtheyou.Ifwouldtheanswer?studentanswersliketestto Exercise 4.9. A blood test indicates the of Amyotrophic lateral sclerosis (ALS)

95%0actually.ofofthethehastimetimeALSwhen.whenCalculateALStheisdisasetheactuallyprobabilityhisnotpresentacully.aTheta personsameresen est.actuallyOnedicatespercenthastheALSofthepresencegivenpopulationthatofthe test indicates thepresence of ALS.
	showExerciseAand4.10.
	
	Asurvey conducted in a college found that40% of the stuents watch

	iWhatshe/he4.11.iswatchfollowstheUseoftheprbabilityBayes'formulacshowoshownditionalstudentsBB?.thatwhoprobabilitytofollowsolverandomlytheshowthatfollowingchosenA,thealsowatchstudentproblemfollowsshow.AnairportBshbth.oInwtheaddition,Ashows?asgivenproblemsthat

	Exercseofthe(21)students17%
	
	
	
	
	
	20%

	with brds.If the wather is sunny,the probability thatthere are birds
	erunway

	1is=2; if it iscloudy, but dry, the probability is
	1=3; and ifit is raining, on
	
	probability

	thatthewhat4win.12.isaweatherdollar,Supposeprobabilityandiseachysunny?cloudyifittosstypecomes(dryaoffairtheorupcoinrainy)?weathertails,repeatedlyyouisloseyouand.Givendollarindependently.thatSupposethebirdsare.youIfitstartcomesonwiththeup

	runaway,Exerciseheads,1=4(1)2.youTheprobabilityof
	1=3
	
	
	

	$20. Whatis the probabilityou will get to$150 before
	go broke? (See Example 4.8 for

	solution).
	
	
	Suppose F is an even, and denePF (E) := P (E j F ).
	
	

	conditional
	4.2.
	
	
	Show that the

	bility.
	probability
	PF isaprobabilityfunction,thatis,itsatisestheaxiomsofproba-

	Exercisebutprobabilityrathin4.1such.Supposedollarswythatyouweplaywingambler'sprobabilitydllruinwithgameprobabilityreachingExample4.8notwithdollarfaircon,

	
	
	
	
	
	
	p,andyoulosea
	with

	ifwestartwith1
	,0 <
	< 1.Findthe
	of
	N dollarsbeforegoingbroke

	Exercise
	
	n
	
	.
	
	
	
	



[bookmark: page14]54	4. CONDITIONAL PROBABILITY

Exercise4.3.Show directly that Proposition 2.1 holds for the conditional probability
PF . In particular, for any eventsE andF

E (Ec j F ) = 1	E (E j F ) :
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withSolutioneachoutcometoExerciseequally4.1(A):likelyNote.Thenthat the sample space isS = f(i; j) j i; j = 1; 2; 3; 4; 5; 6g


	A
	
	=
	
	f(1; 2) ; (2; 1)g
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	1(B):
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	B  =  f(1; 6) ; (2; 5) ;
	3; 4) ; (4; 3) ; (5; 2) ; (6; 1)g
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	ThenC
	
	=
	
	f(1; 1) ; (1; 2) ;
	1; 3) ; (1; 4) ; (1; 5) ; (1; 6) ; (2; 1) ; (3; 1) ; (4; 1) ; (5; 1); (6; 1)g
	
	

	pendnt.Similarly,
	
	
	1(C):
	
	
	
	
	P(A) = 2=36 6= P (A j C),so
	heyarenotinde-

	Solution to Exercise 4.
	
	P
	A
	j
	C) =
	P(A\C)
	=
	2=36
	
	
	=
	
	2
	
	:
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	11=36
	
	
	11
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	P(C)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	are7
	
	
	
	
	
	
	
	rollsthatwillresultinatlea one 6and
	
	
	
	
	sumofatleastP(E)9.=They.Thereare

	
	
	
	to Exercise 4.
	P
	B
	j
	CNote)=
	thatP(B
	\ C)
	=
	
	2=36
	
	
	=
	
	2
	
	:
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	11=36
	
	11
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	P(C)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solutionto
	
	
	
	
	P (B )4=.2:6=deno366= P(byB j C), so they are not independenleast.
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	E the event at
	
	here is at
	
	
	one 6 and by

	Fthatthere11aredieventerent36possiblerentthatrollsthe sumofllstheseoftheseisattwodceleasttwo9.dicewillWeresultwantndalltoinatofthemndleastP(areFonjeEqually6,).soBeginikelyby. Wenotingcan thats

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	11
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	7
	
	. This tells usthat
	
	
	
	
	
	

	f(6; 3); (6; 4); (6; 5); (6; 6); (3; 6); (4; 6); (5; 6)g,oP (E \ F ) =
	
	
	
	
	
	36
	
	
	
	
	

	
	
	
	36
	
	
	
	
	
	
	
	

	P(G j B2) =
	5
	
	. ApplyingBayes' rule yields
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution to Exercise 4.3:(FdenotebyE)=
	P (E
	\ F )
	=
	7=36
	
	
	=
	
	7
	
	:
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	11=36
	
	
	11
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	P
	
	j
	
	
	P(E)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	are equally likely,
	
	4(A):
	
	
	B
	the event that theith box is chosen. Since both

	
	
	
	
	
	
	
	
	
	
	P(B1) = P B2) =
	1
	.
	In addition, weknow thatP(G j
	B1) =
	1
	and

	
	
	
	
	
	2
	
	
	
	
	
	2
	
	
	
	2
	

	SoluiontoDenotheby Exercise(BG) =4.
	
	
	
	
	SupposeweP(GjB1)Plook(B1 )at students
	=w
	ho 1have=4
	gotte=
	5n: the u shot.

	sotSolution.Let toP(ExerciseF)=0:09.4.4(B):
	Suppose welookatstudentswho havenotgottentheu

	
	
	
	
	
	P
	
	1 j
	
	P
	G j
	B1)P(B1) + P(G j B2 )P(B2)
	
	1=4 + 1=5
	9
	
	
	
	
	
	

	gets
	
	uE. Wethe knoweventthata student is exposed tothe u, andbyF thevent
	hata student

	
	
	
	
	
	
	
	
	
	
	
	
	
	P E) = 0:6 andc
	P(F j E) = 0:15.ThismeansthatP(E \c
	F ) =

	(0we:6)see(0that:15) = 0:09, and it is clearthatP(E
	\ F ) = 0. SinceP(F ) = P(E \ F ) + P(E
	
	
	\ F),

	a studentEbetheventgetsthu. thatWe knowastudentthat is exposed to the u, and letF be the evet

	that
	E
	
	F
	
	
	
	
	
	
	
	
	
	
	
	
	
	P(E) = 0:6 andP(cF j E) = 0:8. This means

	P(
	
	\
	
	)
	= (0:6) (0:8) = 0:48, and it is clear that
	P
	(E
	\
	F)=0.
	Since
	P
	(F) =

	
	
	
	
	
	
	
	
	
	c
	\ F ), we see thatP(F ) = 0:48.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	P(E \ F) + P(E
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SolutionanAmericanto Exercisecolorblind4.5:. Thendenote byM the eventan American is a man, byC the event

	eventthatabulbcomsfromfactory6(A):H betheeventabulbworksover5000 hours,X bethe

	P
	(M
	j
	C  =
	
	
	
	
	P (C j M) P(M)

	
	
	
	
	P (C j M) P(M) + P (C j Mc) P(Mc)

	
	
	
	
	
	

	Solution to Exercise 4.
	=
	(0let:05) (0:(049):05)+ (0(0::49)0025) (0:51)
	0:9505:

	Thenbythelaw of total probability
	X, andY be theeventa bulb comes from factoryY .

	
	
	
	6(B):
	
	
	
	(a)
	
	
	
	
	

	
	
	P H) = P (H j X
	P(X) + P (H j Y ) P(Y )

	
	
	
	
	= (0:99) (0:6) + (0:95) (0:4)
	
	

	Solution to Exercise 4.
	
	=By0:974Part:
	
	
	
	we have
	
	
	

	SolutiontoExercise4.6(C):
	
	Weagain= u(0se:95)theresu0:974(0:4)ltfrom0:39Part: (a)

	
	
	
	P
	Y
	j
	H)  =
	
	P (H j Y ) P(Y )
	
	

	
	
	
	
	
	
	
	
	
	
	
	P(H)
	
	
	

	
	
	
	
	
	
	
	
	

	P
	(X
	j
	Hc)  =
	P (Hc j X) P(X)
	=
	P (Hc j X) P(X)

	
	
	
	
	
	
	
	
	P (Hc)
	
	1  P(H)



· (1  0:99) (0:6) = (0:01) (0:6)
1  0:9740:026

Solution to Exercise 4.7:denote 0by:23



a blt is from machine therem




A, byB the



D the event thata bolt is defective,A the event that event thata bolt is frommachineC. Then by Bayes'



P (D j A) P(A)


P (D j A) P(A) + P (D j B) P(B) + P (D j C) P(C)

Solution to Exercise4=.8:(0:05)Let (0:25) +(0(0::05)04)(0(0::25)35) + (0:02) (0:4) = 0:362:



the eventanswerstudent knows the correctCbetheanswerevent,a sudentgives the correct answer,K be incorrect , and  E betheeventa student caneliminate one G be theevent student have to guess an answer.Using Bayes'

	[bookmark: page17]theorem we have
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	P
	
	(K
	
	
	j
	C) =
	P(C j K)P(K)
	=
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	P(C)
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	P(C j K)P(K)
	
	
	
	
	
	=

	
	
	P(C j K)P(K) + P(C j E)P(E) + P(C j G)P(G)

	
	
	
	
	
	
	
	
	
	1
	1
	
	
	
	
	
	
	
	
	
	
	
	24
	
	
	
	
	
	
	
	
	
	
	
	
	

	at is, approximately
	
	
	
	
	
	
	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	:774;
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	1
	
	
	
	
	
	
	1
	
	1
	
	
	
	
	1
	
	
	1
	
	
	= 31
	
	
	
	
	
	
	
	
	
	
	

	
	1
	
	
	
	
	+
	
	
	
	
	+
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	3
	
	4
	
	4
	
	
	4
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution to Exrcise774:.4%9:presentofLehestudents know the answer if thy give the correct answer.

	theevent thatthdisease is
	
	
	
	
	
	+ denote.Then the event that testresult is positive, and byD

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	PF is.Toseethesecond axiom,observethat

	
	
	P
	(D
	
	
	j
	+) =
	
	
	
	
	
	
	
	
	
	
	
	
	P
	(+ j D) P (D)
	
	

	
	
	
	
	
	
	
	
	
	P (+
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	j
	D)P(D) + P(+
	j
	D )P (Dc)
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution to Exercise 4.2:it =is
	clear that(0:95) (0:01)
	
	
	
	= 0:657:
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	(0:95) (0:01) + (0:005) (0:99)
	
	
	

	right-had side of the identitydening
	
	
	
	PF (E ) = P (E j F ) is between0 and1 since the

	Now take
	
	
	
	PF
	
	(S) =
	P
	(S
	j
	F ) =
	P(S \F)
	
	=
	
	P(F)
	= 1:
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	fEigi1=1 ; Ei
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	P(F)
	
	
	
	P(F)
	
	

	
	2 F to be pairwise disjoint, then
	
	
	
	iP (F ) \
	
	

	
	PF
	
	
	
	
	
	
	Ei!
	= P
	
	
	
	
	
	
	Ei
	j F
	! =
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	1
	
	
	
	
	
	P ((  1=1 Ei)
	F )

	
	distribution
	
	
	
	
	
	
	
	
	
	i=1
	
	
	
	

	that
	
	
	
	
	
	
	
	
	
	
	
	(E [ F ) \ G = (E \ G) [ (F \ G) andthefact

	
	
	
	
	
	
	
	
	
	
	=1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	S
	
	

	
	
	
	
	
	
	
	
	[
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	[
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	fEi \ F gi1=1
	are pairwise disjoint as well.
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	P
	(
	
	
	
	1=1 (Ei
	
	
	F ))
	
	i1=1 P (Ei
	
	
	F )
	
	

	
	=
	
	
	
	
	
	S
	
	P(F)
	\
	
	
	
	
	
	
	=
	P
	P(F)
	\
	
	
	
	
	

	
	
	
	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	1
	PF (Ei) :
	
	
	
	
	
	
	

	Inthisweusedthe =
	
	
	
	P (E law\Ffor)=sets
	
	
	
	
	
	
	
	

	
	
	
	
	X
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	X
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	=1
	
	
	
	
	P(F)
	
	
	
	
	
	
	i=1
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